Introduction {#Sec1}
============
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                \begin{document}$$\text {Re}\lambda >0$$\end{document}$ therefore leads to the dictum that delayed negative feedback can lead to oscillatory instability.

Equation ([1.1](#Equ1){ref-type=""}) can be analyzed in great detail (see e.g. Section III.3 in Èl'sgol'ts and Norkin [@CR14]; Hayes [@CR16]; Chapter 13.7 in Bellman and Cooke [@CR3]; Chapter XI in Diekmann et al. [@CR7]). The outcome can be conveniently summarized in the diagram depicted in Fig. [1](#Fig1){ref-type="fig"} (corresponding to what Èl'sgol'ts and Norkin [@CR14] call the method of D-partitions; also see Breda [@CR5]).Fig. 1The numbers specify the number of roots of ([1.1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
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In the context of specific models, ([1.2](#Equ2){ref-type=""}) usually arises by linearization of a nonlinear equation around a steady state. In such a situation $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{1},\alpha _{2}$$\end{document}$ are (sometimes rather complicated) functions of the original model parameters. As emphasized in Chapter XI in Diekmann et al. ([@CR7]) and the recent didactical note (Diekmann and Korvasova [@CR11]), one can combine the detailed knowledge embodied in Fig. [1](#Fig1){ref-type="fig"} with an analysis of the parameter map, that relates the original parameters to $\documentclass[12pt]{minimal}
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                \begin{document}$$(\alpha _{1},\alpha _{2})$$\end{document}$, in order to obtain stability and bifurcation results for the steady state of the nonlinear equation. Even if the aim is to perform a one-parameter Hopf bifurcation study, it is much more efficient to derive first the two parameter picture of Fig. [1](#Fig1){ref-type="fig"}, see Diekmann and Korvasova ([@CR11]). We also refer to Insperger and Stépán ([@CR17]), Kuang ([@CR18]), Michiels and Niculescu ([@CR20]), Stépán ([@CR21]) for a systematic approach to deriving stability conditions for steady states of delay differential equations via an analysis of characteristic equations and to Cheng and Lin ([@CR6]) for potentially useful general theory.

In Sect. [3](#Sec3){ref-type="sec"} we shall formulate a model for a population of cells that can either be on the way to division or quiescent. The model is very close in spirit to the one formulated and studied by Gyllenberg and Webb in their pioneering paper (Gyllenberg and Webb [@CR15]). But our formulation is in terms of delay equations, more precisely a system consisting of one Renewal Equation (RE) and one Delay Differential Equation (DDE) (Diekmann and Gyllenberg [@CR10]; Diekmann et al. [@CR9]; [@CR12]), rather than in terms of PDE as in Gyllenberg and Webb ([@CR15]). The delay equation formulation enables a relatively painless derivation of the characteristic equation whose roots govern the (in)stability of the (unique) nontrivial steady state. In the relatively simple case considered here (see Alarcón et al. [@CR2]; Borges et al. [@CR4] for a more general model formulation), the RE degenerates into a difference equation in continuous time! The characteristic equation corresponding to the linearization about the nontrivial steady state takes the form$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\alpha _{1},\alpha _{2})$$\end{document}$ plane when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{3}$$\end{document}$ ranges from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-1$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$+1$$\end{document}$. Our main conclusion is that, from a qualitative point of view, nothing changes at all.
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**Theorem 2.1** {#FPar1}
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The proof has quite a few components, so we build it up gradually by deriving auxiliary results. Our first step is to exclude that roots can enter the right half plane at $\documentclass[12pt]{minimal}
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**Lemma 2.2** {#FPar2}
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*Proof* {#FPar3}
-------
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**Lemma 2.3** {#FPar4}
-------------
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Lemma [2.2](#FPar2){ref-type="sec"} implies (by way of Rouché's Theorem, see Lemma 2.8 in Chapter XI of Diekmann et al. [@CR7]) that at the boundary of $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =0$$\end{document}$ into ([1.3](#Equ3){ref-type=""}) we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0=\alpha _{1}+\alpha _{2}$$\end{document}$. Taylor expanding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^{-\lambda }$$\end{document}$ we can write ([1.3](#Equ3){ref-type=""}) in the form $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda =\alpha _{1}+\alpha _{2}+\left( \alpha _{3}- \alpha _{2}\right) \lambda +\left( \frac{\alpha _{2}}{2}-\alpha _{3} \right) \lambda ^{2}+O(\lambda ^{3}) \end{aligned}$$\end{document}$$ and conclude that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{1}+\alpha _{2}=0$$\end{document}$ the root $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =0$$\end{document}$ is a double root iff $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{2}=\alpha _{3}-1$$\end{document}$ and a triple root iff in addition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{3}=-1$$\end{document}$.In terms of real variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda =\mu +i\omega \end{aligned}$$\end{document}$$ the complex equation ([1.3](#Equ3){ref-type=""}) amounts to the two real equations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{i}=0,\ i=1,2$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{1}$$\end{document}$ corresponds to the real part and is given by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G_{1}(\alpha _{1},\alpha _{2},\mu ,\omega )=-\mu +\alpha _{1}+ \left( \alpha _{2}+\alpha _{3}\mu \right) \cos \omega e^{-\mu }+ \alpha _{3}\omega \sin \omega e^{-\mu } \end{aligned}$$\end{document}$$ while $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{2}$$\end{document}$ corresponds to the imaginary part and is given by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G_{2}(\alpha _{1},\alpha _{2},\mu ,\omega )=-\omega - \left( \alpha _{2}+\alpha _{3}\mu \right) \sin \omega e^{-\mu }+ \alpha _{3}\omega \cos \omega e^{-\mu }. \end{aligned}$$\end{document}$$ For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu =0$$\end{document}$ the equations reduce to $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha _{1}+\alpha _{2}\cos \omega +\alpha _{3}\omega \sin \omega&=0,\\ -\omega -\alpha _{2}\sin \omega +\alpha _{3}\omega \cos \omega&=0. \end{aligned}$$\end{document}$$ Solving the second for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{2}$$\end{document}$ we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{2}=c_{2}(\omega ,\alpha _{3})$$\end{document}$. Next we can solve the first for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{1}$$\end{document}$. This yields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{1}=c_{1}(\omega ,\alpha _{3})$$\end{document}$.Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{\omega \rightarrow 0}\frac{\omega }{\sin \omega }=1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\cos 0=1$$\end{document}$, it is clear that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{1}(\omega ,\alpha _{3})\rightarrow 1-\alpha _{3}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{2}(\omega ,\alpha _{3})\rightarrow \alpha _{3}-1$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \rightarrow 0$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Our next step is to identify for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{3}$$\end{document}$ at least one point in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\alpha _{1},\alpha _{2})$$\end{document}$-plane that belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S(\alpha _{3})$$\end{document}$. Clearly Eq. ([1.3](#Equ3){ref-type=""}) is very simple if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\alpha _{1},\alpha _{2})=(0,0)$$\end{document}$, but this point lies on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L(\alpha _{3})$$\end{document}$. The idea is to focus on a neighborhood, i.e., first consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\alpha _{1},\alpha _{2})=(0,0)$$\end{document}$ and next perturb.

**Lemma 2.5** {#FPar7}
-------------

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\alpha _{1},\alpha _{2})=(0,0)$$\end{document}$ the roots of ([1.3](#Equ3){ref-type=""}) are given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =0$$\end{document}$ and, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{3}\not =0$$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda&=\ln \alpha _{3}+2k\pi i,\ k\in {\mathbb {Z}},\ \text {if }\alpha _{3}>0,\\ \lambda&=\ln \left( -\alpha _{3}\right) +\left( 2k+1\right) \pi i,\ k\in {\mathbb {Z}},\ \text { if }\alpha _{3}<0, \end{aligned}$$\end{document}$$ while for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{3}=0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =0$$\end{document}$ is the one and only root.Consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{2}=0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\alpha _{1}|$$\end{document}$ small. The only root of ([1.3](#Equ3){ref-type=""}) that can possibly lie in the right half plane is given by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda =\frac{\alpha _{1}}{1-\alpha _{3}}+O(\alpha _{1}^{2}). \end{aligned}$$\end{document}$$ As a consequence, the points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\alpha _{1},0)$$\end{document}$ with $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{1}<0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\alpha _{1}|$$\end{document}$ small, belong to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S(\alpha _{3})$$\end{document}$.

*Proof* {#FPar8}
-------

For $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
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                \begin{document}$$(\alpha _{1},\alpha _{2})=(0,0)$$\end{document}$ Eq. ([1.3](#Equ3){ref-type=""}) reduces to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =\alpha _{3}\lambda e^{-\lambda }$$\end{document}$. So $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\lambda =0$$\end{document}$ is a root and all other roots satisfy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1=\alpha _{3}e^{-\lambda }$$\end{document}$.So for $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$(\alpha _{1},\alpha _{2})=(0,0)$$\end{document}$ we have one root $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$$\lambda =0$$\end{document}$ on the imaginary axis and, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _{3}\not =0$$\end{document}$, countably many other roots that are at a uniformly positive distance away from the imaginary axis in the left half plane. According to the Implicit Function Theorem, there exists for small $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\alpha _{2}=0$$\end{document}$, and this is the only root in a small ball *B* around $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\lambda =0$$\end{document}$. According to a variant of Rouché's Theorem, see Lemma 2.8 of Chapter XI of Diekmann et al. ([@CR7]), there are for small $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$$\alpha _{1}$$\end{document}$ no roots in the open set $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\{ \lambda :\text {Re}\lambda >0,\ \lambda \not \in \overline{B}\} .$$\end{document}$ (Note that here we use Lemma [2.2](#FPar2){ref-type="sec"} to compensate for the non-compactness of the closure of this set.) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{mathrsfs}
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                \begin{document}$$\square $$\end{document}$

As we saw in Part 2 of the lemma above, it is helpful to know how the root $\documentclass[12pt]{minimal}
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                \begin{document}$$L(\alpha _{3})$$\end{document}$ transversally, away from its endpoint, from below to above, a real root of ([1.3](#Equ3){ref-type=""}) crosses the imaginary axis from left to right.

**Lemma 2.6** {#FPar9}
-------------
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We omit the elementary proof.

In a similar spirit, we want to know how the roots $\documentclass[12pt]{minimal}
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At last we are ready to present the

*Proof of Theorem 2.1* {#FPar15}
----------------------
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Let *Q*(*t*) denote the quantity of quiescent cells at time *t*. Let *p*(*t*) denote the quantity of cells that, per unit of time, set out on division at time *t*. The mathematical formulation of the assumptions described above takes the form $$\documentclass[12pt]{minimal}
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To complete the model formulation, we need to specify the dynamics of *E* and, in particular, the feedback law that describes the impact of the cell population on the environmental condition.

For concreteness, think of *E* as oxygen concentration. The equation$$\documentclass[12pt]{minimal}
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Our main general results concerning (3.3) areTheorem [3.1](#FPar21){ref-type="sec"} below about existence and uniqueness of a nontrivial steady state(in)stability of the nontrivial steady state is determined by the position in $\documentclass[12pt]{minimal}
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At steady state the value *E* should be such that (3.5) has a nontrivial (and positive) steady state. If it has, it has a one-parameter family (since (3.5) is a linear system). The parameter should then be tuned so that *E*, when expressed by the steady state version of ([3.3c](#Equ24){ref-type=""}), does have the required value.

So we study the linear system (3.5) with parameter *E*. The simplest approach is based on the biological interpretation and runs as follows. In a constant environment a cell that goes quiescent has probability$$\documentclass[12pt]{minimal}
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*Remark 3.2* {#FPar22}
------------
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Our next aim is to study the stability of the nontrivial steady state. The first step in this direction consists of linearization of system (3.3). We put$$\documentclass[12pt]{minimal}
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A straightforward calculation now establishes that ([3.18](#Equ41){ref-type=""}) is exactly of the form ([1.3](#Equ3){ref-type=""}) with $$\documentclass[12pt]{minimal}
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Proliferating and quiescent cells consume, in the model, oxygen in the proportion $\documentclass[12pt]{minimal}
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*Proof* {#FPar24}
-------
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Two-parameter case studies {#Sec5}
==========================
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The following observations are inspired by the analysis of Sect. [4](#Sec4){ref-type="sec"}. The shape of $\documentclass[12pt]{minimal}
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Regulation via the length of the quiescent period {#Sec6}
-------------------------------------------------
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Regulation via the fraction of cells that become quiescent {#Sec7}
----------------------------------------------------------

In our second case study we assume that *G* is independent of *E*. Recalling ([3.6](#Equ29){ref-type=""}) we can write ([3.7](#Equ30){ref-type=""}) in the form$$\documentclass[12pt]{minimal}
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We conclude that, apart from a scaling of the axis, the stability domain is exactly the same as in the situation of Sect. [5.1](#Sec6){ref-type="sec"}. In other words, these stability considerations do NOT yield any information that, as we had hoped when embarking on our investigation, helps to decide on the basis of observable fluctuations whether the regulation works via initiation or via termination of quiescence. So it remains a wide open question whether model considerations are at all useful when trying to decide about this issue?

Discussion {#Sec8}
==========

Physiologically structured population models lead to delay equations (Diekmann et al. [@CR9], this paper). A first step in the subsequent analysis is, as a rule, an investigation of the dependence of steady states, and in particular their stability, on parameters. Thus characteristic equations enter the scene.

Characteristic equations come, in a sense, with their own natural parameters. As emphasized in Diekmann et al. ([@CR7]), and more recently echoed in Diekmann and Korvasova ([@CR11]), it is attractive to single out two parameters and determine curves in the two parameter plane corresponding to roots lying on the imaginary axis, so to roots being critical, i.e., neither contributing to stability nor to instability. If the characteristic equation has more than two parameters, this leads to two dimensional slices of a higher dimensional parameter space. With a bit of luck one can sometimes understand the full picture in terms of parameterized families of two dimensional sections. Here we have been lucky indeed.

The natural parameters of the characteristic equation are themselves functions of the model parameters. So after one has obtained a picture in terms of the natural parameters, it still remains to analyse how natural parameters change when model parameters change. In Sect. [4](#Sec4){ref-type="sec"} we did exactly this: we studied how $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$ varies between 0 and 1. But an efficient and attractive alternative is to single out TWO model parameters and to map the stability boundary to the corresponding plane of model parameters, as indeed we did in Sect. [5](#Sec5){ref-type="sec"}.

Our motivation for studying the characteristic equation ([1.3](#Equ3){ref-type=""}) came from the cell model described in Alarcón et al. ([@CR2]) and in Sect. [3](#Sec3){ref-type="sec"}. So it was tempting to organise our results differently, in particular to begin with the model, derive the characteristic equation and then study it. Our decision to put, instead, the characteristic equation itself in the spotlight is rooted in the belief that this characteristic equation arises in other contexts and that, once the analysis in terms of natural parameters has been done, other applications only require the study of the map sending model parameters to natural parameters and its inverse. In other words, we hope (and expect) that Sect. [2](#Sec2){ref-type="sec"} is the most useful part of the paper.

Both the initiation of quiescence and the termination of quiescence involve environmental signals. Here we have assumed that one and the same signal is involved, viz. the concentration of an essential resource like oxygen. Consumption of the resource creates a nonlinear feedback loop. Does it matter whether regulation occurs via initiation of quiescence or via termination of quiescence? Is it possible to infer from observed dynamics which of the two mechanisms is the dominant one? Here we have shown that this is not easy, if possible at all. Indeed, we found that destabilization of the steady state hinges onlittle difference in oxygen consumption of proliferating and quiescent cellssteep response to differences in oxygen concentration near the steady state valuebut is rather independent of the precise way in which the feedback acts.

In the present paper we have neither discussed the well-posedness of system (3.3) nor the justification of the Principle of Linearized Stability. Both Alarcón et al. ([@CR2]) and Borges et al. ([@CR4]) deal with these issues for distributed delay variants of the model. In Alarcón et al. ([@CR2]) it is also shown that one can take the limit in the characteristic equation for the delay kernel tending to a Dirac mass and arrive at the characteristic equation considered here. But the limit is not yet considered for the delay equations themselves. In work in progress, S. M. Verduyn Lunel and O. Diekmann are considering duality for neutral equations and this will probably make it unnecessary to consider limits. Concerning the Principle of Linearized Stability, the recent Diekmann and Korvasova ([@CR13]) does provide inspiration, but details certainly require attention.
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Here we substantiate Remark [3.2](#FPar22){ref-type="sec"}. As a preliminary step, we identify the key biologically interpretable quantities that depend on *E* in a monotone manner.

Consider a cell that is quiescent at time *s*. The probability that this cell is reactivated in the time interval \[*s*, *t*\], with $\documentclass[12pt]{minimal}
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